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Abstract 
Thermo-acoustic combustion instabilities are due to the coupling mechanism between acoustic pressure 
oscillations and heat release rate fluctuations. This phenomenon is of great interest because combustion 
instabilities cause recurrent problems in modern gas turbines. The case of annular chambers largely dif-
fused in gas turbines for power generation is of particular interest. In this work, the azimuthal modes of a 
three-dimensional annular combustion chamber are studied by means of a finite element (FEM) code. For 
each burner, the coupling between heat release fluctuations ሺݍሶ Ԣ ሻ and the velocity fluctuations ሺݑԢሻ is 
modeled by means of a non-linear analytical Flame Describing Function (FDF) consisting of a third order 
and fifth order polynomial expression. A delay time between ሺݍሶ Ԣ ሻand ሺݑԢሻis considered. The dissipation 
of acoustic energy of the system due to viscous and thermal boundary layer is directly modeled in the 
code. The weakly nonlinear analysis is performed to determining the bifurcation diagrams for these flame 
models, considering the acoustic-combustion interaction index n as the control parameter. The influence 
on the bifurcations diagram of the time delays (τ) and of the damping coefficient (ζ) is analyzed. 
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1. Introduction 
Lean premixed combustion chambers used in modern gas turbines for power generation are often af-
fected by combustion instabilities generated by mutual interactions between pressure fluctuations ሺ݌Ԣሻ 
and heat release rate oscillations ሺݍሶ Ԣ ሻ produced by the flame [1]. A usual approach to study this pheno-
menon is to transpose the problem in the frequency domain and solve it by means of a Finite Element Me-
thod (FEM) acoustic code [2,3]. When a linear Flame Transfer Function (FTF) [4] is used to couple 
ሺݑԢሻand ሺݍሶ Ԣ ሻa linear stability analysis can be performed. Under the hypothesis of small amplitudes, by 
means of this analysis, frequencies and growth rates (α) of the thermo-acoustic modes of the system can 
be discovered. With the increase of the amplitude of oscillations, a thermo-acoustic system can reach a 
permanent oscillating state known as limit cycle [6]. In order to study this state, non-linearity must be in-
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troduced into the flame model. Over the years, several nonlinear flame models have been proposed and 
applied in order to reproduce the limit cycles experimentally observed. The Flame Describing Function 
(FDF) approach, starting from experimental measurements, has been proved suitable to study the nonli-
near behavior of unconfined flames [7], of confined flame [8] and, recently, even of premixed swirled 
flames [9]. The problem of this approach is that it strongly depends on the experimental value of the FDF, 
which is a proper characteristic of the specific burner. Furthermore, the FDF relies on the measurements 
of the velocity fluctuations ሺݑԢሻ on a reference point. Especially when the size of the system increases, for 
example for full-scale burners, these measurements can become very complicated. Noiray et al. [10] have 
proposed a more simple saturation model that relies only on pressure fluctuations ሺ݌Ԣሻ which has been 
proved suitable to describe limit cycles of full-scale annular system [11].In this work, two different nonli-
near flame models are presented and studied on a simplified annular combustion chamber equipped with 
twelve cylindrical burners. Both of them are polynomial function of the amplitude of velocity fluctuations 
and are derived following the procedure proposed by Campa and Juniper[12]. The first one consists of a 
third-order polynomial very similar to the one proposed by Noiray et al. [10]. The second one is a more 
complicated fifth-order polynomial. At the variation of a control parameter, following Campa et al. [13], 
the bifurcation diagrams for both flame models are computed performing a weakly nonlinear analysis in a 
“Helmholtz solver” framework. Differently from Campa et al. [13], in this study a damping term has been 
included in the solving equation. Furthermore, a sensitivity analysis of the bifurcation diagram at the vari-
ation of the time delay τand the damping level ζis also presented.  
 
2. Mathematical Model 
The complete formulation of the thermos-acoustic mathematical model can be found in several works 
[14,15].In presence of a flux with small perturbations a generic flow variable can be treated as the sum of 
a mean quantity and a fluctuating quantity. An approximate linear wave equation for pressure perturba-
tions for reacting flows may be derived applying this decomposition to the Navier-Stokes equations with 
the auxiliary hypotheses of treating the fluid as an ideal gas, neglecting the viscous losses and heat con-
duction. Furthermore, in order to account the losses due to viscous and thermal boundary layers, a dis-
sipative term is introduced as the first derivative of ሺ݌Ԣሻmultiplied by a damping coefficient ζ [16] 
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where ρ is the mean density, RH is the hydraulic radius, t and c are, respectively, time and sound velocity. 
Assuming harmonic fluctuations, in the frequency domain, Eq. (1) becomes 
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whereλ = −iωwith i the imaginary unit. Equation (2) is usually referred as the damped inhomogeneous 
Helmholtz equation [17,18,19]. 
2.1. Damping 
The losses due to viscous and thermal boundary layers are modeled following the procedure described 
in [20]. The damping coefficient] for j-th mode is modeled as 
1/2
2
2
1= jcjcj ]          (3) 
where ܿͳand ܿʹ are assumed constant for each mode. More information of these coefficients can be 
found in [21,22]. 
2.2. Flame Response Function 
In order to close the problem, a time delay n–τ [23] model is assumed to couple heat release rate fluc-
tuations with pressure waves 
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where n is the acoustic-combustion interaction index and τ is the time delay. The subscript i denotes the 
reference point for the velocity fluctuations. In the frequency domain, the linear flame transfer function 
(FTF) is obtained 
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One possible approach to model a saturation of the flame response at the increase of the amplitude of 
velocity fluctuations is to consider the nonlinear flame model as a multiple of the linear flame transfer 
function and a nonlinear flame transfer function (NFTF) function of the velocity oscillations amplitude 
ȁݑԢȀݑതȁ [24] 
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The NFTF function derives directly from the non-linearity introduced into the flame model and it can 
be computed taking the first order of the Fourier transform of the flame model formulated in the time do-
main (more details can be found in the Ref. [13]). In this work, two different models are considered: a 
third-order polynomial and a fifth-order polynomial. In the first case, the heat release rate fluctuations are 
related to the velocity fluctuations with the following expression 
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where µ2 and µ0 are coefficient equal to −1 and 0.5. The NFTF for this case is equal to ͵ ͶΤ ߤʹȁݑԢ ݑതΤ ȁʹ ൅
ߤͲand consists of a polynomial function where only the influence of the odd-powered polynomial terms 
are examined because, although even-powered polynomial terms are physically admissible, their 
contribution to the acoustic energy integrates to zero over a cycle. The nonlinear flame model in which 
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the fifth-powered term is the highest order is 
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where µ4, µ2 and µ0 are coefficient equal to −1, 1 and 0.2, respectively. For this case, the NFTF is equal In 
Fig. 1 the pattern of both NFTF models are reported. 
 
a)        b)  
Figure 1 - Patters of the NFTF for the third-order polynomial (A) and fifth-order polynomial (B) flame models. 
3. The acoustic solver 
This study is performed in the frequency domain by means of the acoustic solver “COMSOL Multi-
physics”. The code solves the classical Helmholtz equation in which no damping is considered and the 
heat release fluctuations are treated as pressure source. In order to include the damping, 
theെߣߞ ሺ̴ܴܿܪሻΤ ݌Ƹሺ࢞ሻ term of the Eq. 2 is considered on the RHS of the equation together with the heat 
release rate fluctuations 
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The discretization of Eq. 9 along with the boundary conditions over an unstructured grid with a finite 
element method leads to an eigenvalue problem that reduces in the following form [25–27] 
PPPP )(=)( 2 ZZZZ DCBA    (10) 
where P is a vector containing the eigenvector values, A and C are matrices containing coefficients 
coming from the discretization of the homogeneous Helmholtz equation, B(ω) contains the information 
about the boundary condition and D(ω) represents the unsteady flame source term and the damping term. 
When the heat release is considered or a frequency dependent boundary conditions is set, the matrices 
D(ω) and B(ω) become function of the angular frequency. This results in a nonlinear eigenvalue problem 
that is resolved with a fixed-point iterative method. Equation 10 is first reduced to a linear eigenvalue 
problem that is defined for the kth iteration, by: 
0=)]()([ 2 PP CDBA kkkk Z:::   (11) 
where Ωk=ωk−1 is the previous iteration result. The linear eigenvalue problem is solved by an Arnoldi 
iterative method. This procedure is iterate until the error defined by߳ ൌ ȁ߱݇ െ ȳ݇ȁis lower than a specific 
value, typically 1E−6. When a nonlinear flame transfer function is used, in order to perform the eigenva-
lue analysis, a value of the amplitude of velocity fluctuations ሺȁݑԢȀݑതȁሻ has to be fixed. In fact, the NFTF 
function degenerates into a constant value and the nonlinear flame transfer function becomes linear.For 
the calculation of the bifurcation diagrams, the acoustic-combustion interaction index (n)is chosen as con-
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trol parameter. For each value of n, in a first step the previous described algorithm is computed consider-
ing a ȁݑԢȀݑതȁcorresponding to a positive growth rate (α>0, i.e. an unstable condition) and a ȁݑԢȀݑതȁvalue 
corresponding to a negative growth rate (α<0, i.e. a stable condition). Starting from these two initial 
points, a regula-falsi algorithm is used to compute the new ȁݑԢȀݑതȁvalue until the growth rate (α) equal ze-
ro condition is reached. 
4. Application 
The examined configuration is characterized by an annular plenum and an annular combustion cham-
ber connected by a ring of twelve straight ducts (representing the burners). The geometrical configuration 
is similar to the one introduced by Pankiewitz and Sattelmayer [28]. The mean diameter is 0.437 m, the 
external diameter of the plenum is 0.54mand of the combustion chamber is 0.48m. The length of the ple-
num is 0.2mand of the combustion chamber is 0.3 m. Each burner has a diameter of 0.026 mand a length 
of 0.030 m. Temperature in the combustion chamber is 2.89 times the temperature on the plenum. Flame 
is assumed concentrated in a narrow zone at the entrance of the combustion chamber, as shown in Fig. 2, 
and it is composed of twelve equal parts, one corresponding to each burner. In so doing, the heat release 
fluctuations are coupled to the velocity fluctuations of the corresponding burner, following the ISAAC 
(Independence Sector Assumption in Annular Combustors) assumption, introduced by Sensiau et al. [29]. 
This assumption states that the heat release fluctuations in a given sector [of the combustion chamber] 
are only driven by the fluctuating mass flow rates due to the velocity perturbations through its own swir-
ler. Closed-end inlet and outlet are assumed as boundary conditions ሺݑԢ ൌ Ͳሻ. In the frequency domain, 
two different types of study are performed: a linear stability analysis and a weakly nonlinear stability 
analysis. In both analysis, an unstructured mesh composed by approximately 50000 tetrahedral elements 
has been used. The results of these analyses are reported hereafter. 
 
Fig. 2: (A) Sketch of the annular combustion chamber. (B) Computational grid and flame zone highlighted in red. 
One of the twelve sectors, in which the flame zone is divided, is highlighted in blue. 
4.1. Linear Stability Analysis 
Table 1 shows the first four modes of the system without heat release fluctuations. Eigenmodes are 
denoted with the nomenclature (h,l,m), where h, land mare, respectively, the orders of the pure axial, cir-
cumferential and radial modes. Figure 3 shows the behavior of frequency and growth rate in the linear 
case (ሺȁݑԢȀݑതȁ ൌ Ͳሻ for the first azimuthal mode in the combustion chamber, mode (1,1,0) in Tab. 1, con-
sidering a damping coefficient ζ=0.02 and two different values for the acoustic-combustion interaction 
index (n). The time delay is varied from τ/T=0 to τ/T=2 where T is the period of the acoustic mode. 
In the linear case without damping, following Lieuwen et al. [1], considering that the inlet section of 
the injector may be approximated as a pressure node, the regions of instability lie in bands where Ck− 1/4 
<τ/T <Ck+ 1/4, being Ck=k− 1/4 (with k the acoustic mode number k=1,2,...). In this case, due to the pres-
a) b) 
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ence of the damping, results are different from the ones predicted in [1]. With n=1, the mode is unstable 
for only for 0.65 <τ/T <0.9 and 1.65 <τ/T <1.9 (dashed lines in Fig. 3). Increasing the acoustic-
combustion interaction index results in a shift towards more unstable conditions. Assuming n=2 the re-
gions of instabilities predicted by Lieuwen et al.[1] are re-obtained (solid lines in Fig. 3). 
Table 1: Frequencies of the first four modes of the annular combustion chamber. 
Mode Shape (1,0,0) (0,1,0) (1,1,0) (0,2,0) 
Frequency [Hz] 309.4 446.5 734.8 839.3 
 
 
Fig. 3: (A) Normalized pressure of the first azimuthal mode of the combustion chamber (mode (1,1,0) in Tab. 1). 
Frequency (B) and growth rate (C) of the azimuthal mode in the combustion chamber for ȁݑԢȀݑതȁ ൌ ͲǤ 
4.2. Bifurcation Diagrams 
For the bifurcation analysis, two conditions are taken into account: τ/T=0.74 and τ/T=0.91. Regardless 
of the NFTF model chosen, the limit cycle for the two configurations occurs always at two different fre-
quencies: 735.9 Hz and 713.6 Hz respectively for the case of τ/T=0.74 and for the case of τ/T=0.91. In 
Fig. 4(a) is reported the bifurcation diagram when the NFTF of Fig 1(A) is considered. When the damp-
ing is neglected (ζ=0), the system is unstable for any values of the control parameter (except n=0). With-
out the damping, a zero growth rate condition is still possible and occurs with the value of ȁݑԢȀݑതȁ which 
saturates the gain of the nonlinear flame model (the NFTF function) and nullifies the heat release rate 
fluctuations [30]. In this analysis, this condition is reached at ȁݑԢȀݑതȁ ൌ ͲǤͺͳ (blue solid line in Fig. 4(A)). 
When considering ζ non-zero, a supercritical bifurcation occurs. The position of the Hopf point moves 
towards higher values of the control parameter n as the damping level increases. This result is highlighted 
in the zoom frame of Fig. 4(A). With τ/T=0.74, (solid lines in Fig. 4(A)), the bifurcation occurs at 
݊ܪ݋݌݂ ൌ ͲǤͳʹ with ζ=0.03 and ݊ܪ݋݌݂ ൌ ͲǤ͵͵ considering a ζ=0.09. Increasing ζ, a growth of the energy 
dissipation rate causes a reduction of the amplitude of oscillations. Due to saturation of the heat release 
rate, regardless of the damping level, at high values of n the amplitude of the stable limit cycle solution 
tends asymptotic to 0.81 (blue line in Fig. 4(A)). For a fixed value of ζ, with a higher time delay a lower 
limit cycle amplitude is noticed (dot-dashed lines in Fig. 4(A)). The amplitude reduction is greater for 
systems with higher damping (dot-dashed lines vs continuous lines in Fig. 4(A)).In Fig. 4(B) is reported 
the bifurcation diagram when the NFTF of Fig 1(B) is considered. Also for this case, when no damping is 
considered, the system is always unstable for any values of n. In this case, the amplitude of the limit 
cycles is constant and equal to ȁݑԢȀݑതȁ ൌ ͳǤʹ. When a damping coefficient ζ=0.02 is considered, a subcrit-
a) b) c) 
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ical bifurcation occurs. The influence of the time delay is on the position of the Hopf point and fold point. 
If a time delay of τ/T=0.74 is considered, the bifurcation is reached at a value of the control parameter 
n=0.7 (red line in Fig. 4(B)). With τ/T=0.91 the bifurcation is reached at n=1.41 (black line in Fig. 4(B)). 
Differently from the Hopf bifurcation point, the amplitude of the fold point is not influenced by the time 
delay, however a shift towards higher value of n is observed with a higher τ/T. Also in this case, the influ-
ence of the time delay decreases increasing the interaction index n. Both curves tends asymptotically to 
the value that saturates the NFTF (ȁݑԢȀݑതȁ ൌ ͳǤʹ). 
 
 
Fig. 4: Bifurcation diagrams varying the interaction index parameter (n) assuming a third-order polynomial (A) and fifth-order po-
lynomial (B) flame model. Influence of the time delay τand of the damping levels. 
5. Conclusions 
In this work, a Finite Element Method approach to study nonlinearities of thermo-acoustic combus-
tion instabilities has been presented and used to study a simple annular combustion chamber. At first a 
linear stability analysis has been performed. Unstable modes are calculated in terms of frequency, 
growth rate and wave shape. The stability map and the wave shape of the first mode of the combustion 
chamber at the variation of the time delay τhas been computed. With the introduction of the Nonlinear 
Flame Transfer Function (NFTF), the amplitudes of limit cycles are computed by means of a weakly 
nonlinear analysis for two NFTF models. The bifurcations diagrams are obtained changing the value of 
the acoustic-combustion interaction index n. Depending on the NFTF model assumed, supercritical and 
subcritical bifurcations have been found. In both cases, the influence of the time delay is on the position 
of Hopf points and fold points. When a subcritical bifurcation occurs, the amplitude of the fold point is 
not influenced by the time delay. As expected, the value of the damping coefficients (ζ) has an important 
influence on the amplitude of limit cycles. The influence of the time delay and of ζdecreases for high 
values of the acoustic-combustion interaction index n, where due to the saturation of the heat release 
both bifurcation curves tends asymptotically to the values that nullify the NFTFs. 
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